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We report ab initio band diagram and optical absorption spectra of hexagonal boron nitride
(h-BN), focusing on unravelling how the completeness of basis set for GW calculations and how
electron-phonon interactions (EPIs) impact on them. The completeness of basis set, an issue which
was seldom discussed in previous optical spectra calculations of h-BN, is found crucial in providing
converged quasiparticle band gaps. In the comparison among three different codes, we demonstrate
that by including high-energy local orbitals in the all-electron linearized augmented plane waves
based GW calculations, the quasiparticle direct and fundamental indirect band gaps are widened
by ∼0.2 eV, giving values of 6.81 eV and 6.25 eV respectively at the GW0 level. EPIs, on the
other hand, reduce them to 6.62 eV and 6.03 eV respectively at 0 K, and 6.60 eV and 5.98 eV
respectively at 300 K. With clamped crystal structure, the first peak of the absorption spectrum is
at 6.07 eV, originating from the direct exciton contributed by electron transitions around K in the
Brillouin zone. After including the EPIs-renormalized quasiparticles in the Bethe-Salpeter equation,
the exciton-phonon coupling shifts the first peak to 5.83 eV at 300 K, lower than the experimental
value of ∼6.00 eV. This accuracy is acceptable to an ab initio description of excited states with no
fitting parameter.
I. INTRODUCTION
Hexagonal boron nitride (h-BN) is a wide band
gap semiconductor with lamellar structure, similar to
graphite which is metallic. Its wide band gap nature,
low dielectric constant, and high thermal and chemical
stability mean that it is a promising candidate material
in ultraviolet optical and electronic devices1–4. The sp2-
bonding results in two-dimensional (2D) honeycomb lat-
tice and atomically smooth surface. As such, under the
circumstances of the recently emerging and rapidly de-
veloping field of layer engineering of 2D semiconductor
conjunctions, monolayer or few-layer h-BN has also been
intensively employed for van der Waals heterostructures
construction1,5–7.
In spite of this popularity of h-BN, determination of
the most basic property underlying its applications in
electronic and optical devices, i.e. its band diagram, re-
mains unresolved. High-resolution angle-resolved pho-
toemission spectroscopy (ARPES) is the most direct
method in measuring the band diagram of crystals, and
it has been applied to determine the position and disper-
sion of its valence-band maxima8. This information of
its conduction-band states, however, has never been re-
ported. In fact, measuring conduction bands is a general
technical challenge of ARPES for wide band gap semicon-
ductors9. Therefore, one has to resort to optical experi-
ments to answer this question in an indirect manner. In
early optical measurements of photoluminescence (PL),
the spectra were often interpreted to indicate a direct
band gap3,10,11. More recent experiments, on the other
hand, present strong evidence of a indirect band gap na-
ture4,12–15, as reviewed in Ref. 16.
From the theoretical perspective, direct interpretation
of the optical spectra is far from being trivial17–20. Sin-
gle particle excitation is the basis upon which all kinds
of optical spectra were calculated. But as mentioned, ac-
curate determination of the quasiparticle band diagram
remains a question under debate due to the absence of
ARPES data of the conduction bands for comparison9.
Most often, one resorts to GW approximation within the
many-body perturbation theory (MBPT)21,22. Or, al-
ternatively, a scissor operator is applied directly to the
Kohn-Sham eigenvalues. Upon this, the excitonic ef-
ar
X
iv
:2
00
3.
12
70
4v
3 
 [c
on
d-
ma
t.m
trl
-sc
i] 
 24
 M
ay
 20
20
2fects and electron-phonon interactions (EPIs) can be in-
cluded23. When analysis of the PL spectra is the target,
apparatus like nonequilibrium Green’s function or den-
sity matrix theory will be resorted to18–20.
Along this route, impressive progress has been achieved
in understanding different optical spectra of h-BN in re-
cent years18–20,23,24. But we note that some fundamen-
tal questions, which are crucial to a systematically im-
provable ab initio description of the electronic structures
and optical properties of h-BN, remain. Most promi-
nently, how does the description of quasiparticle band
structure impact on the final optical spectra is seldom
discussed, in spite of the fact that it is the basis upon
which all these further analysis of the optical spectra is
built. Different codes may give different quasiparticle
band gaps24–27, and within GW approximation results
obtained from different approaches like G0W0, GW0, or
self-consistent GW also differ20,24,27. This is in sharp
contrast with the situation of other well-known semicon-
ductors, e.g. Si, where theoretical descriptions of the
optical spectra were obtained at a satisfactory and most
important systematically improvable basis28–37. Besides
quasiparticle band diagram, discrepancies also exist on
the influence of EPIs on the renormalization of the quasi-
particle and optical band gaps23,27,38. In Ref. 23, it was
reported that exciton-phonon couplings widen the direct
optical band gap of h-BN by 0.07 eV at 300 K. While
in Ref. 27, EPIs were found to decrease the quasiparticle
band gap by 0.4 eV at the same temperature. Consid-
ering the fundamental importance of this semiconductor
in electronic and optical applications, a thorough theo-
retical study on what the quasiparticle band diagram of
h-BN is like and how EPIs impact on the quasiparticle
and optical properties is highly desired.
In this paper, we studied these problems from the the-
oretical perspective using a combination of state-of-the-
art ab initio methods. The completeness of the basis set
for the GW calculations, an issue which had been of-
ten overlooked, is analyzed first. This is done by using
the benchmark electronic structure calculation method
in solids, i.e. the all-electron linearized augmented plane
waves (LAPW) method. Including high-energy local or-
bitals (HLOs) increases the direct and fundamental indi-
rect band gaps by ∼0.2 eV, when compared with previous
ab initio results. Within GW approximation, the GW0
approach further widens these gaps by ∼0.3 eV when
compared with the standard G0W0 approach. Our direct
and fundamental GW0 band gap with clamped crystal
structure is 6.81 and 6.25 eV, respectively. The absence
of ARPES results means that a direct discrimination for
the pros and cons of these different numerical schemes
is hard. However, the fact that most ab initio optical
spectra must be blueshifted by ∼0.4-0.5 eV to compare
with experiments means that the GW0 results obtained
with well-converged basis set outperform other choices in
previous calculations for descriptions of the quasiparticle
band diagram18–20,24.
Based on these GW calculations with clamped crys-
tal structure, the excitonic effects and the influence of
EPIs on the quasiparticle and optical gaps were analyzed.
The direct (fundamental indirect) band gap is reduced by
∼0.2 eV to 6.62 (6.03) eV at 0 K, and 6.60 (5.98) eV at
300 K. Using the Bethe-Salpeter equation (BSE), the ex-
citonic effects were first calculated using clamped crystal
structure and we found an exciton binding energy of 0.76
eV, associated with the direct transitions around K in
the Brillouin zone (BZ). The quasiparticle renormaliza-
tions due to EPIs were investigated within the MBPT
and then were incorporated into the BSE to study the
exciton-phonon couplings. The final influence of EPIs on
the absorption spectra is a redshift of the peak position,
which results from a competition between the decrease
of the quasiparticle band gaps which shifts the absorp-
tion peak to lower energy, and the decrease of the exciton
binding energy which shifts it to the higher energy. The
former factor is dominant, meaning that EPIs redshift
both the quasiparticle band gaps and the optical absorp-
tion peak by ∼0.2 eV. This is qualitatively different from
Ref. 23, where the EPIs blueshift the absorption peak by
0.07 eV. The magnitude for the redshift of quasiparti-
cle band gaps is also smaller than the value of 0.4 eV in
Ref. 27. Our final absorption line shape agrees well with
available experiments, with the position of the absorption
peak redshifted by ∼0.2 eV. With issues like the starting
point of optical spectra calculations (i.e. quasiparticle
band diagram) and the influence of EPIs on quasiparti-
cle/optical band gaps clarified, this is acceptable for ab
initio calculations.
Our manuscript is organized as follows. In Sec. II
we present a short overview on the implementation of
the GW in the LAPW basis and a clear account of the
methodology for ab initio calculations of EPIs. The com-
putational details of our calculations were also provided.
In Sec. III, we report the influence of including HLOs in
LAPW-based GW calculations. The T -dependent band
renormalization and the zero- and finite-T optical ab-
sorption incorporating both excitonic effect and EPIs of
h-BN were also analyzed. The conclusions are given in
Sec. IV.
II. METHODS AND COMPUTATIONAL
DETAILS
A. GW in the LAPW basis including HLOs
The LAPW method is the benchmark method for per-
forming electronic structure calculations of crystals39. It
stems from the augmented plane waves (APW) method,
where the muffin-tin (MT) approximation originally pro-
posed by J. C. Slater is used40: the wave functions are
atomic-like in the region close to nuclei defined by the
MT radius RMT, and plane-wave-like in the interstitial
region (I) between nuclei. Inside the atomic spheres,
atomic-like wave function is a linear combination of ra-
dial function times spherical harmonics function. Here,
3rα ≡ r − rα, RαMT is the MT radius of the αth atom
centered at rα. uαl(r
α;Eαl) is the solution of the radial
Schro¨dinger equation at a fixed reference energy Eαl in
the spherical potential of the respective MT sphere, and
u˙αl(r
α;Eαl) is its energy derivative. The expansion coef-
ficients include Aαlm(k+G) and Bαlm(k+G), which are
determined from the continuity of the basis functions and
their first derivative at the boundary of the MT sphere.
The LAPW basis can be reduced to an APW basis when
Bαlm(k + G) = 0.
To make the LAPW basis set complete for the expan-
sion of the electronic wave functions, local orbitals (LOs)
can be supplemented, as in Eq. [2]36
φkG(r) =
{∑
lm[Aαlm(k + G)uαl(r
α;Eαl) +Bαlm(k + G)u˙αl(r
α;Eαl)]Ylm(rˆ
α), rα < RαMT .
1√
Ω
ei(k+G)·r, r ∈ I. (1)
φLOlm (r) =
{
[ALOαlmuαl(r
α;Eαl) +B
LO
αlmu˙αl(r
α;Eαl) + C
LO
αlmuαl(r
α;E
(2)
αl )]Ylm(rˆ
α), rα < RαMT .
0, r ∈ I. (2)
with E
(2)
αl chosen to be close to the energy of the low-
lying or high-lying states of interest and the coefficients
ALOαlm, B
LO
αlm, C
LO
αlm are determined by the requirement
that φLOlm (r) is normalized and is zero in value and slope
at the MT sphere boundary. Complement to the conven-
tional understanding that LOs are important for a proper
description of quasiparticle energies in system with semi-
core states35,41, recently, it was realized that the LOs of
high-lying unoccupied states are also crucial in getting
the quasiparticle band gaps converged36,42. The param-
eter nLO is the additional number of nodes of the high-
lying LOs with respect to the corresponding valence or-
bital and lLOmax is the maximal angular quantum number
of LOs, which represent the accuracy of the LO-enhanced
LAPW basis.
Without these high-lying LOs, the basis set cannot be
complete for the description of the excited state wave
functions43, no matter how many LAPWs are used for
the expansion of the wave functions36,42. This is anal-
ogous to the case when quasiparticle energies are calcu-
lated using pseudopotential (PP) based methods. Con-
ventional PPs for density-functional theory (DFT) calcu-
lations cannot guarantee well-converged GW band gaps,
no matter how many plane waves are used30,32. One
needs additional channels to be included in the construc-
tion of the new PPs for the GW calculations to be per-
formed. And these channels are designed to describe the
high-lying electronic states. In Sec. III, we will give a
detailed discussion on how this issue will impact on the
convergence of the h-BN quasiparticle band gaps.
B. Electron-phonon interaction
The standard form of the Hamiltonian in describing an
electron-phonon coupled system using second-quantized
formalism can be written as44
Hˆ =Hˆe + Hˆph + Hˆe-ph
=
∑
nk
εnkcˆ
†
nkcˆnk +
∑
qν
~ωqν(aˆ†qν aˆqν + 1/2)
+N−1/2p
∑
k,q
nn
′
ν
gFan
nn′ν(k,q)cˆ
†
nk+qcˆn′k(aˆqν + aˆ
†
−qν)
+N−1p
∑
k,q,q
′
nn
′
ν
′
gDW
nn′νν′ (k,q,q
′
)cˆ†
nk+q+q′
cˆnk
× (aˆqν + aˆ†−qν)(aˆq′ν′ + aˆ†−q′ν′ ).
(3)
In this expression Hˆe =
∑
nk εnkcˆ
†
nkcˆnk is the Hamilto-
nian of the electron subsystem with the εnk being the
eigenvalue (n and k are band and crystal momentum in-
dex, respectively). cˆnk(cˆ
†
nk) is the electron annihilation
(creation) operator. Hˆph =
∑
qν ~ωqν(aˆ†qν aˆqν + 1/2)
is the Hamiltonian of the phonon subsystem with the
ωqν being the phonon frequency (ν and q are branch
and crystal momentum index, respectively). aˆqν(aˆ
†
qν)
is the phonon annihilation (creation) operator. Get-
ting these two terms belongs to the single-particle prob-
lem in Eq. [3], and in practical calculations they are
often described using the Kohn-Sham orbitals and the
phonon obtained from DFT. The electron-phonon cou-
pling Hamiltonian Hˆe-ph consist of two terms Hˆ
(1)
e-ph and
Hˆ
(2)
e-ph. Hˆ
(1)
e-ph is the first order coupling in terms of the
atomic displacement (the third line) and Hˆ
(2)
e-ph is the sec-
ond order coupling in terms of the atomic displacement
(the last two lines). The corresponding electron-phonon
coupling matrix elements are gFan
nn′ν and g
DW
nn′νν′ as de-
fined below. Np is the number of the unit cells in the
supercell associated with the transformation between the
4real-space and normal-mode coordinates.
Starting from the coupled electron-phonon Hamilto-
nian in Eq. [3], one can obtain the electron-phonon self-
energy using the MBPT, which renormalizes the quasi-
particle energies. Due to the complexity of higher-order
self-energy, one often keeps only two terms up to the sec-
ond order, i.e. the Fan self-energy (the second-order self-
energy of Hˆ
(1)
e-ph) and the Debye-Waller (DW) self-energy
(the first-order self-energy of Hˆ
(2)
e-ph). Specifically,
ΣFannk (ω, T ) =
∑
n′qν
∣∣gFannn′ν(k,q)∣∣2
N[
nqν(T ) + 1− fn′k−q
ω − εn′k−q − ωqν + iηsgn(ω)
+
nqν(T ) + fn′k−q
ω − εn′k−q − ωqν + iηsgn(ω)
]
,
(4)
ΣDWnk (T ) = −
1
2
∑
n′qν
gDWnn′ν(k,q)
N
[
2nqν(T ) + 1
εnk − εn′k
]
. (5)
Here, nqν and fn′k−q correspond to the Bose-Einstein
and Fermi-Dirac distribution functions, while N is the
number of q points in the BZ. gFannn′ν(k,q) is the first-order
gradient of the Kohn-Sham self-consistent potential vKS
with respect to the atomic displacement,
gFannn′ν(k,q) =
〈
unk+q|∆qνvKS|un′k
〉
uc
, (6)
with unk and unk+q being the Blo¨ch-periodic compo-
nents of the KS electron wave functions. “uc” means
that the integral is performed within the unit cell.
gDWnn′νν′(k,q
′,q) is the second-order gradient of the Kohn-
Sham potential with respect to the atomic displacement
gDWnn′νν′(k,q,q
′) =
1
2
〈
unk+q+q′ |∆qν∆q′ν′vKS|un′k
〉
uc
.
(7)
Note that we have used the translational invariance to re-
late Eq. [7] to the first-order gradient of the Kohn-Sham
potential and obtain Eq. [5]45,46. In the quasiparticle ap-
proximation (QPA), the T -dependent quasiparticle ener-
gies can be written as
Enk(T ) = εnk + Znk(T )
[
ΣFannk (εnk, T ) + Σ
DW
nk (T )
]
, (8)
where Znk(T ) =
[
1− ∂ReΣFannk (ω)∂ω
∣∣
ω=εn
]−1
is the renor-
malization factor. The Fan self-energy is frequency-
dependent while the DW self-energy is frequency-
independent. Thus the former not only shifts the elec-
tronic state energy but also give finite quasiparticle life-
time, and the latter only shifts the energy.
C. Computational details
In this work, experimental lattice parameters (a =
2.504 and c = 6.661 A˚) are used to perform all the calcu-
lations47. Discussions on the van der Waals interactions
can be found in Supplemental Materials. This is consis-
tent with the routine in previous theoretical simulations
of the quasiparticle energies and optical spectra23,26,28–36.
To compare computational results obtained using differ-
ent numerical implementations of DFT and the GW ap-
proximation method, three kinds of codes were chosen,
including: (i) the all-electron linearized augmented plane
waves method based WIEN2k48 and GAP236,49, (ii) the
projector-augmented-wave (PAW) method based Vienna
Ab initio Simulation Package (VASP)50, and (iii) the
pseudopotentials method based QUANTUM ESPRESSO
(QE)51 and YAMBO52,53. Local-density approxima-
tion (LDA) is chosen for the DFT calculations. In the
WIEN2k calculations, LDA results presented in Table I
are obtained with a 12×12×4 k-mesh, and we have cho-
sen RMT(B,N) = (1.23, 1.35) Bohr and RKmax = 7.0.
In the VASP calculations, the PAW potentials were used
along with an 800 eV plane wave cutoff energy and the
band gaps were converged with a 6×6×2 k-point grid. In
the QE calculations, the DFT ground state were obtained
using LDA norm-conserving pseudopotentials with a ki-
netic energy cut-off at 110 Ry and a 6 × 6 × 2 k-point
grid.
Quasiparticle band structures are calculated by using
the GW approximation. Two approaches, i.e. G0W0
and GW0, were used. With G0W0, the one-body Green’s
function and the screened Coulomb interaction were cal-
culated directly from the LDA Kohn-Sham orbitals, and
the self-energy was obtained from them in the one-shot
manner21. With GW0, a self-consistent treatment was
applied to the Green’s function by updating the quasi-
particle energies54,55. The screened Coulomb interaction
keeps its form as in G0W0. The all-electron LAPW based
G0W0 and GW0 calculations were performed using the
GAP2 code49. The results are converged at 12 × 12 × 4
k-point grid, nLO = 2, and l
LO
max = 4. The details are
explained in Fig. S4. In the VASP calculations, PAW
pseudopotentials were used along with a 800 eV plane
wave cutoff energy and the band gaps were converged
with a 12 × 12 × 4 k-point grid. For the frequency de-
pendence of the screened Coulomb interaction, different
treatments are used in the three codes that we have used
here. In the GAP2 code, the correlation self-energy was
first calculated along the imaginary axis and then ana-
lytically continued into the real frequency axis by using
the multi-pole fitting scheme, as detailed in Ref. 49. In
the VASP code, the full-frequency calculation on the real
axis was used32. In the YAMBO code, the Godby-Needs
generalized plasmon-pole model was used for the GW
self-energy22.
The optical absorption spectra including excitonic ef-
fects were obtained using YAMBO, where we have em-
ployed a scissor operator of 2.314 eV to correct the eigen-
5values of the 6th to 10th bands in solving the BSE. This
scissor is obtained from ab initio calculations, by taking
the difference between the GW0 and LDA direct band
gaps. A dense uniform 18× 18× 6 k-point grid is neces-
sary to converge the optical absorption spectra.
Electron-phonon interactions were considered by com-
bining QE and YAMBO. The phonon dispersion was
obtained using a uniform 12 × 12 × 8 sampling of the
electron BZ and a uniform 8 × 8 × 6 sampling of the
phonon BZ. Electron-phonon self-energies were obtained
using 600 random q points in the phonon BZ, a uniform
6 × 6 × 2 k-grid for the electron BZ and 300 electronic
bands. The convergence tests are given in Supplemen-
tal Materials. The QPA was used to correct the LDA
eigenvalues based on electron-phonon self-energies. In
so doing, the real parts of quasiparticle energies give T -
dependent band gaps and the imaginary parts give the
life time due to electron-phonon renormalizations. Fi-
nally, these quasiparticle energies were thrown into the
T -dependent BSE and exciton-phonon coupling was con-
sidered this way23.
III. RESULTS AND DISCUSSION
A. Quasiparticle band structure
Since the quasiparticle band structure is the basis upon
which the electron-hole interactions and EPIs are ana-
lyzed, we start by looking at the accuracy and conver-
gence of the band diagrams, in the theoretical calcula-
tions. Using the standard LAPW basis set, the LDA
and GW band diagram obtained from Wien2k and GAP2
were shown by black and red solid lines in Fig. 1. The
smallest direct band gap is at H [k = (−1/3, 2/3, 1/2)]
from v to c. The fundamental gap, however, is an indirect
one between T1 (close to K [k = (−1/3, 2/3, 0)]) and M
[k = (0, 1/2, 0)] (denoted by VBM and CBM). The LDA
fundamental and direct band gaps are 4.04 and 4.50 eV,
respectively. The GW0 with the standard LAPW gives
fundamental and direct band gaps of 6.02 and 6.59 eV,
respectively, and the band diagram of GW0 is basically a
rigid shift from the LDA one. These results are consistent
with previous reports.
To demonstrate this consistency and unravel some
details underlying previous optical spectra in a clear
manner, we compare the LDA, G0W0, and GW0
band gaps obtained from the standard treatment in
Wien2k+GAP2, in VASP and in QE+YAMBO in Ta-
ble I. The computational setup was given in Sec. II.C.
The GW results of the YAMBO code come from Refs. 20
and 24. Here by “standard”, we mean the fact that no
special care was taken to the descriptions of the high-
lying electronic states. In other words, the basis set is
complete for DFT calculations, when occupied states are
the determinant issue for the convergence of the compu-
tational outcome. However, this completeness could be
questionable for descriptions of the excited-state prop-
erties, when high-lying electronic states are also impor-
tant23,26,30–36. In LAPW-based calculations, this means
that no additional HLOs were used36,42. In PP-based
calculations, this means that no additional channels were
added in constructing the PPs32. Without these HLOs or
additional channels, the basis set cannot be converged in
the excited-state electronic structure calculations solely
by adding the number of plane waves.
In all three kinds of codes, GW0 widens the band
gaps by ∼0.3 eV when compared to G0W0. Consider-
ing the fact that theoretical optical peaks are systemati-
cally lower than experimental observations, this explains
why GW0 stands for a better starting point than G0W0
in previous theoretical simulations18–20,23,24. Beside this,
another important message one can get from this consis-
tency between results from different kinds of codes is that
numerical errors from issues like frequency integrations
for the self-energy and construction of PPs are under con-
trol. This is especially true when the VASP band gaps
are compared with the Wien2k+GAP2 ones. Consider-
ing the all-electron feature of the PAW pseudopotentials,
this is not surprising56. Even with norm-conserving PPs,
the direct and fundamental GW0 band gaps agree within
0.06 eV and 0.13 eV with the all-electron LAPW-based
ones.
Then, motivated by recent separate studies of Jiang et
al.36 and Nabok et al.42 on the role played by HLOs in
GW calculations, we investigate how the G0W0 and GW0
band gaps of h-BN can be changed by including HLOs
in the all-electron LAPW-based GW calculations. The
results are shown by blue solid lines in Fig. 1, compared
with the red ones without HLOs. It is clear that the in-
clusion of HLOs has a significant influence on the GW
corrections, which enlarges the band gaps by ∼0.2 eV,
for both the direct and the fundamental ones. This
enlargement, seemingly small, stands for an important
progress toward a systematically improvable ab initio de-
scription of the optical spectra of h-BN, considering the
fact that most previous ab initio optical spectra must
be blueshifted by ∼0.4-0.5 eV to compare with experi-
ments18–20,24.
For an in-depth understanding of this impact of HLOs
on GW band gap of h-BN, we show the influence of
additional HLOs on the KS single-particle spectrum.
Fig. 2 gives the band energies of h-BN at the Γ point
[k = (0, 0, 0)] obtained with nLO = 0 (the default LAPW
basis) and nLO = 1 (including the HLOs in the LAPW
basis), respectively. Both of these two sets of data show
that the energy of unoccupied states increases smoothly
as a function of the band index (nbands) up to the plane-
wave cutoff energy εPWmax (36.0 Ry in the current case).
Then, it increases rapidly to much higher energy with
the data of nLO = 0 increasing faster than nLO = 1,
meaning that adding LOs tends to decrease the energies
of these states. It is worth noting that adding additional
HLOs can improve the description of high-lying unoccu-
pied states and make additional high-energy states avail-
able.
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FIG. 1. Electronic band structure calculation by means of
LAPW method shows LDA (black solid lines) and GW0 with-
out/with HLOs (red/blue solid lines) results of h-BN. The
orange arrow line represents direct gap, and the green one
represents fundamental gap.
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FIG. 2. Comparison of KS band energies of h-BN at the Γ
point obtained from using the default LAPW basis and those
with additional high-energy local orbitals with nLO = 1 and
lLOmax = 4. The inset shows the convergence of the G0W0 band
gap of h-BN (calculated with Nk = 2× 2× 1) as a function of
the number of bands considered with nLO = 0 and nLO = 1,
respectively.
In the inset of Fig. 2, we show the convergence of the
G0W0 direct band gap as a function of the total num-
ber of states (nbands). Without HLOs, the band gap
converges, but to the wrong value. Therefore, both the
accuracy of the conduction-band states within the plane-
wave cutoff and the availability of the high-energy LO
states beyond the plane-wave cutoff are important for
the numerically accurate G0W0 band gap. Specifically,
including HLOs in LAPW-based GW results widens the
direct (fundamental) band gap of h-BN by 0.22 (0.23)
eV (Table I). Considering the fact that the quasipar-
ticle excitation is the basis upon which the absorption
spectrum is calculated, a built-in underestimation of the
absorption energy should exist at the quasiparticle level
when this issue related to the completeness of the basis
TABLE I. Calculated band gaps (in eV) from different the-
oretical approaches of h-BN. The influence of HLOs on the
GW band gaps is highlighted.
without HLOs HLOs
WIEN2k + GAP2 LDA G0W0 GW0 G0W0 GW0
fundamental 4.04 5.71 6.02 5.90 6.25
Direct 4.50 6.26 6.59 6.45 6.81
VASP LDA G0W0 GW0 G0W0 GW0
fundamental 4.04 5.73 6.03 / /
Direct 4.51 6.29 6.61 / /
QE + YAMBO LDA G0W0 GW0 G0W0 GW0
fundamental 4.06 5.73 5.96 / /
Direct 4.51 6.24 6.46 / /
set is neglected. This might be the case in many previous
theoretical calculations of the optical spectra.
B. Band gap renormalization
The above calculations have adopted a clamped crys-
tal structure. However, even at 0 K, the nuclei are not
fixed and they vibrate around the equilibrium positions.
This motion is known as zero-point motion and its influ-
ence on the quasiparticle excitation energy is known as
zero-point renormalization to the quasiparticle excitation
energy. At finite T s, the EPIs also influence the quasi-
particle excitation energy, with contributions from both
classical and quantum motions of the nuclei. At high T s,
the quantum contribution to the motion of the nuclei is
negligible and the electron and phonon interacts through
a classical manner. Such T -dependent renormalization of
the single particle excitation energy due to EPIs can be
calculated using Eq. [8], and so can the fundamental and
direct band gaps.
In Fig. 3, we show the EPIs-induced correction to the
direct band gap of h-BN (obtained using clamped crys-
tal structure). The red circles are results obtained using
Eq. [8], when both classical and quantum contributions
to the nuclear motion are taken into account. It is clear
that the EPIs-induced correction to the static direct band
gap has a weak T -dependence below room T (300 K),
and increases almost linearly beyond it. The zero-point
renormalization to the direct band gap is 0.20 eV, larger
than many typically semiconductor, which means that
the EPIs are strong in h-BN. In Fig. 4 we also show
the T -dependence of the fundamental band gaps, which
is similar to that of the direct one. Direct comparison
of the T -dependent band gaps with the experiment is
difficult due to the lack of experiments. Therefore, we
evaluate the reliability of our results by considering simi-
lar systems. In cubic BN, renormalization induces a 0.26
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FIG. 3. T -dependent direct band gap of h-BN calculated
using dynamical HAC theory. The band gap renormalization
is added to the LAPW+HLOs corrected GW0 gap, obtained
in Sec. III.A, which is 6.82 eV in YAMBO code.
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FIG. 4. T -dependent fundamental band gap of h-BN calcu-
lated using dynamical HAC theory. The band gap renormal-
ization is added to the LAPW+HLOs GW0 gap, obtained in
Sec. III.A, which is 6.27 eV in YAMBO code.
eV reduction of the quasiparticle band gaps in an earlier
theoretical study57. For monolayer BN, a similar theo-
retical result of 0.27 eV was reported38. The zero-point
renormalization of the indirect optical gap of BN nan-
otubes is experimentally estimated to be 0.225 eV15,58.
All these numbers are in close proximity to our results,
when compared with the 0.4 eV reduction of quasiparti-
cle band gap in Ref. 27 and the 0.07 eV widening of the
optical band gap in Ref. 23.
In order to visualize the electron phonon coupling
strength for a given state |nk>, we compute the gen-
eralized Eliashberg function
g2Fnk(ω) =
1
N
∑
n′qν
[
|gFan
nn′ν |2
nk − n′k−q
− 1
2
gDW
nn′ν
nk − n′k
]
δ(ω − ωqν).
(9)
The band gap Eliashberg function is defined as Fg =
Fc−Fv, where the c (v) refers to a given conduction (va-
lence) state. Eliashberg functions are helpful to analyze
contributions from different vibrational modes. Combin-
ing Eqs. (8), (4), (5) and (9), it is clear that the g2F is
directly proportional to band gap renormalization
∆Eg(T ) ∝
∫
dωg2Fg(ω)[Nqλ(T ) + 1/2]. (10)
Fig. 5(a) shows the Eliashberg function at H for v and
c of the direct band gap in Fig. 1. At high frequencies, Fg
presents the most important peaks spanning from 1400
to 1600 cm−1 owing to scattering events at v. Below
the phonon dispersion gap, two dominant peaks exist be-
tween 600 and 850 cm−1. Fig. 5(b) shows 12 phonon
modes with three acoustic modes ZA, TA and LA, and
nine optical modes ZO, TO and LO. The notation Z,
T , L represents out-of-plane modes, in-plane transverse
modes and in-plane longitudinal modes respectively. In
Fig. 5(d) we project g2F to each mode. To see more
clearly, we separate it into two parts and only the repre-
sentative modes are shown, below 900 cm−1 in Fig. 5(e)
and above that in Fig. 5(f). In the low-frequency part,
the electronic states couple mainly with the 3rd branch
LA and the 4th one TO1 around 600 cm
−1, which reduce
the band gap. In the high-frequency part, the electronic
states couple mainly with the 12th branch LO3 spanning
from 1400 to 1600 cm−1, which is mainly responsible for
the reduction of band gap with respect to the clamped
crystal structure calculation. From the analysis of the T -
dependent generalized Eliashberg function, the acoustic
modes are responsible for the decrease of the band gap as
the T increases (please see Fig. S3). It is worth pointing
out that contributions from the first two modes ZA and
TA at around 350 cm−1 tend to increase the band gap.
However, this is negligible. In Fig. 5(c), we also show
results from the Eliashberg function at K (close to T1)
for v and at M for c of fundamental band gap, of which
the dominant peaks are almost the same as those of the
direct band gap.
C. Exciton and phonon coupling
Now we calculate the optical spectra using the quasi-
particle energies corrected by GW0 with HLOs, taking
EPIs into account. The electron-hole interactions are
described using the BSE and the excitonic effects are in-
cluded in two steps. With clamped crystal structure, the
absorption spectra for h-BN with and without electron-
hole interactions are calculated first and shown in Fig. 6.
With respect to the random-phase approximation (RPA)
result, the excitonic effects substantially redshift the op-
tical spectrum peak and increase the intensity of absorp-
tion. The BSE results with static nuclei gives the first
bright bound exciton state at 6.06 eV, corresponding to
an exciton binding energy of 0.76 eV. It is mainly con-
8 
FIG. 5. (a) Generalized electron-phonon Eliashberg function
for v (black dashed line), c (red dotted line), and band edge
(blue solid line) of direct band gap. (b) Phonon dispersion
along selected symmetry points. (c) Eliashberg function of
fundamental indirect band gap. (d) The direct band-edge
Eliashberg function projected on each phonon modes. Only
the most representative phonon modes are considered (e) be-
low 900 cm−1 and (f) above 1200 cm−1.
tributed by the electron transition around K point in
the BZ. More details on the excitonic effect are showed
in Fig. S1, S2. To consider the exciton-phonon couplings,
we follow the treatment of Ref. 23. In the BSE, the quasi-
particle energies for the electron and hole states replaced
by the EPIs-renormalized ones, with static-nuclei BSE
kernel kept.
In so doing, the T -dependent excitonic Hamiltonian is
given by
Hee′hh′ (T ) = [Ee + ∆Ee(T )− Eh −∆Eh(T )]δeh,e′h′
+(fe − fh)Ξee′hh′ .
(11)
Here, Ee(h) and fe(h) are the quasiparticle energy of the
electron (hole) and their occupation number. ∆Ee(h)(T )
 
FIG. 6. Comparison between measured and calculated optical
absorption of h-BN: The experimental spectra60 (red circles),
calculation without EPIs at RPA (black dotted line) and BSE
(blue dashed line) level, and calculation with EPIs at BSE
level at 0 K (green solid line) and 300 K (orange solid line).
stands for the renormalization of electron and hole
quasiparticle energies after EPIs are included using the
method discussed in Sec. III B. Ξ is the Bethe-Salpeter
(BS) kernel, which are calculated using KS orbitals and
energies. Note that becuase ∆Ee(h)(T ) are complex num-
bers, the excitonic Hamiltonian is non-Hermitian. The
dielectric function depends explicitly on T 59, through
(ω, T ) ∝
∑
X
|SX(T )|2 Im
[
1
ω − EX(T )
]
, (12)
where SX(T ) is the oscillator strength of each exciton
and EX(T ) is the eigenvalues of Hamiltonian in Eq. [11].
Fig. 6 shows that the main peak position slowly shifts
to lower energies with increasing T , and the linewidth
broadens. The main peak position of 0 K is at 5.86 eV,
which shifts to 5.83 eV at 300 K. Comparing with the
results obtained using clamped crystal structure, this
means that the exciton-phonon couplings shift the ab-
sorption peak to lower energies by 0.21 eV at 0 K and
by 0.24 eV at 300 K, which is in accordance with the ex-
tent of the band gap renormalizations due to EPIs. This
is qualitatively different from the blueshift of 0.07 eV in
Ref. 23. The close proximity between our quasiparticle
band gap renormalizations and optical band gap renor-
malizations also means that the quasiparticle band gaps
reductions are mainly responsible for the redshift of the
optical absorption peak.
To understand the discrepancy with Ref. 23 in a clean
manner, we first go back to the optical absorption spec-
trum with clamped crystal structure. The first optical
absorption peak in Ref. 23 is at 5.75 eV, while ours is
at 6.07 eV. In Table I, we can see a difference of 0.35
eV between our GW0 direct quasiparticle gap (6.81 eV)
with HLOs and the QE+YAMBO value (6.46 eV) with-
9out especially constructing channels for the high-lying
electronic states in the PPs. This difference of quasipar-
ticle band gap is close to the redshift of 0.32 eV of their
optical gap with respect to ours. Therefore, although the
final optical spectra look similar, discrepancies do exist
for both the quasiparticle band structures and the influ-
ence of exciton-phonon coupling. Understanding these
discrepancies is very important for a systematically im-
provable theoretical description of the h-BN spectrum.
We believe the above analysis can give a clear picture
on this. Adding HLOs is very important in this sense,
because otherwise the accuracy will become completely
unacceptable (∼0.5 eV) for state-of-the-art ab initio the-
oretical methods.
IV. CONCLUSIONS
Using a combination of ab initio theoretical methods,
we studied the band diagram and optical absorption spec-
trum of hexagonal boron nitride (h-BN). The focus is on
understanding how the completeness of basis set for GW
calculations and how electron-phonon interactions (EPIs)
impact on them. The completeness of basis set is an is-
sue which had been often overlooked in previous optical
spectra calculations of h-BN. We found that it is cru-
cial in providing converged quasiparticle band gaps. By
including HLOs in the all-electron linearized augmented
plane waves (LAPWs)-based GW calculations, the quasi-
particle direct and fundamental indirect band gaps are
widened by ∼0.2 eV, giving values of 6.81 eV and 6.25
eV respectively at the LDA-basedGW0 level. This proves
the best starting point for later simulations of excitonic
effects EPIs. Upon including electron-phonon coupling,
these gaps reduce to 6.62 eV and 6.03 eV respectively at 0
K, and 6.60 eV and 5.98 eV respectively at 300 K. Using
clamped crystal structure, the first peak of the absorption
spectra is at 6.07 eV, originating from the direct exciton
contributed by electron transitions around K in the Bril-
louin zone (BZ). After including the EPIs-renormalized
quasiparticles in the BSE, the exciton-phonon coupling
shifts the first peak to 5.83 eV at 300 K This is lower
than the experimental value of ∼6.00 eV. But the accu-
racy is acceptable to an ab initio description of excited
states, when no fitting parameter are used.
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